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Abstract

Conformal invariance is discussed assuming the equations are well defined in arbitrary
coordinate systems. This assumption leads to some constraints on scale dimensions of
terms, and constraints on the introduction of ‘conformally invariant massive equations’.
The six-dimensional formalism is then discussed, and is generalized to project to all con-
formally flat spaces. Finally the imbedding of Minkowski space equations is studied.

SO (4, 2) breaking is seen to enter due to the presence of a non-invariant scalar field, and
a non-invariant vector field. The theorem relating invariance of the six-space equations
under SO(4, 2) to the invariance of their corresponding four-space equations under the
conformal group is carefully stated and proved.

1. Introduction

The conformal group and conformal invariance are defined for a general
space-time, assuming the field equations and fields are tensor densities under
general change of coordinates. This assumption puts restrictions on the trans-
formation properties under the Minkowski space conformal group of terms
in the equations. In particular it implies that all terms in the equation must
have the same scale dimension. It also makes questionable the introduction
of ‘conformally invariant masses’.

Conformal invariance is then examined using the six-dimensional space in
which the conformal group is the rotation group SO(4, 2). (This was first done
in Dirac’s (1936) classic paper.) The standard projection to Minkowski space
is generalized to a projection into any conformally flat space, using the
standard methods of projecting into hyper-surfaces and quotient spaces.

The transformation of these projections under coordinate transformations
is carefully discussed, and conditions are formulated in a coordinate independent
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way, It is found that unlike many similar cases, the projection of the metric
generated covariant derivative is not the covariant derivative generated by the
projection of the metric. An affinity that projects to the proper covariant
derivative is given.

Using the formalism developed the imbedding of Minkowski space equations
in six dimensions is studied. It is shown that in terms of six-space structures
there are only two distinct ways to break conformal invariance, corresponding
to the addition of mass-like terms, and to derivative couplings. From the
imbedding of the Lie derivative of a field, the theorem relating to invariance
of the imbedded field equations under SO(4, 2) and the Minkowski space
equations under the conformal group is proven. It is found that the theorem
must be stated more carefully than is usually done.

2. Four-Space

The infinitesimal generators of the conformal group or the group of con-
formal motions on an arbitrary Riemannian space with metric g, are defined
as the set of vectors £(;), such that

L 8ap = Vpka + Voo = 08ap (2.1)
E0)
where ﬁ% is the Lie derivative operator, ¢ is an arbitrary scalar field and ¥/,
is the covariant derivative (Yano, 1955). The case where ¢ = 0 gives the group
of motions of the space. For Minkowski space M this is the Poincaré group.
In an arbitrary n-dimensional space the group of conformal motions may
range from order O to order 3(n + 1)(n + 2). The maximum order is found in
conformally flat spaces.

Conformally flat spaces are those whose metric differs from a flat space
metric by a multiplicative scalar field. That is for the case of ordinary space-
times 245 = 0N, Where p is an arbitrary scalar field, and 7, is the Minkowski
space metric. All spaces whose metrics differ only by a multiplicative scalar
field have the same group of conformal motions. Changing a metric by a multi-
plicative scalar field is called a conformal transformation of the metric. It is
easily seen from the form of the Lie derivative that o = 5V, £%

In spaces conformal to Minkowski space (label them Cy’s) the conformal
group is given in terms of its four well known subgroups:

the six parameter, m,;, homogeneous Lorentz group,
y!a = emab Yb
with generators
£i) =" 6% 88 — 57 8)) (22)
the four parameter, % group of translations,

LI R
yrEyEt (2.3)

a el
En=%0
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the four parameter, u% group of uniform accelerations,

a_ D? + (™ y")u’ ]
[1+ 20,5y u® + (st %) (M%) 04
Eo) = ey ) 8 — D 0"
and the one parameter, k, group of dilations,
' k., a
ye=ey
g 2.5)

We will take a theory as invariant under the conformal group if solutions
of the field equations of the theory are mapped into solutions of the field
equations by the conformal group. For a theory in which the solutions are
linear geometrical objects <I>fl§) (Yano, 1955), satisfying the field equations

0% [@3)]1 =0 (2.6)

there is a natural mapping of @E}) induced by the group and this requirement
takes the form (Anderson, 1967)

OT(rJ) [@é})] =0 implies

i \ 2.7)
Opl®p te £ opl=0

where € is an infinitesimal parameter and £ an arbitrary generator of the
conformal group. Scalars, vectors, tensors and tensor densities are linear
geometrical objects. On the other hand spinors, as they are defined on the
frame bundle over the space not the space itself, are not by the standard
definitions geometrical objects and thus have no straightforward natural
mapping under a Lie group defined on the space. A discussion of their in-
variance is therefore mathematically more ambiguous and will not be covered
here. It would also be possible to define other mappings of the @f}) under the
conformal group and use these rather than the natural mapping to define an
invariance, but we will also not consider these possibilities.

For illustrative purposes we will look at one curved space generalization of
the zero rest mass Klein-Gordon equation. We will restrict ourselves to the

standard four-dimensional space-time of general relativity. This equation reads
(Penrose, 1964)

(g“bvavb + ’—é)s =0 (2.8)

where S is taken to be a scalar density of weight W, and R is the curvature
scalar. [The sign conventions used are throughout this paper those of Anderson
(Anderson, 1967).] Then we wish to examine if

(g“b VaVp + ?)(S +teZS)=0 (2.9)
£
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For this we will need for the conformal group the commutator of the Lie
and the covariant derivatives acting on a tensor density of weight W. This is
given by (Yano, 1955)

Lg,vmé?.:r = b Tl — L TR - =W B T2 (210)
where
5 b b b
Z: %(53 Of'l"ﬁf 04— 0O gaf) (211)
af
0, = V0 (2.12)

We see that the commutator vanishes for the special case of motions, and also
when T is a scalar field, but does not in general vanish even in flat space for
conformal motions which have non-constant o. We will also need that (Yano,
1955)

V0" =3[ Z R+ 0R] (2.13)
£

We can now compute

z’[(g"”vavb + 5)3} =0
£ 6

= —0g® 7, VS + 8% ,g (VaVsS)

+ (3 R)S R
—t— LS
6 6 g
which using equation (2.10}, (2.11) and (2.13) gives

—0g°P VS + £V, V(£ S) + ggus +(#R) fg— 4We*V, S
£ £ £
+ 07V, 8 — 3WS(ZR+0R)=0
£

so that for W=

(g“”vavb + —?) (¥5)=0 (2.14)
£
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This result also holds in the special case of flat space where R =0 and in a
rectilinear coordinate system the covariant derivative is the partial derivative.
Thus we have that for the ordinary zero-mass Klein-Gordon equation it is
conformally invariant if and only is S is considered to be a scalar density of
weight 3.

If invariance is required just under homothetic motions, that is conformal
motions with ¢ a constant scalar field, then we have no restriction on the
weight of S. In Minkowski space the dilation subgroup of the conformal group
has o = 2K so that it is a homothetic motion.

Continuing in M4, we consider other terms added to equation (2.8)
(Carruthers, 1970) so that we have the equation

P, VpS +m2S — 3g5% —4£83 =0 (2.15)

We first note that for equation (2.15) to hold in an arbitrary coordinate
system, and thus to have a geometric meaning and also to be extendable to
situations where general relativity is necessary, all the terms must transform in
the same way under mappings of space-time onto itself. That is if S is a scalar
density of weight W, n%0/,/,S is a scalar density of weight W, so that m
must be a scalar field (a scalar density of weight 0), g a scalar density of
weight — W and f a scalar density of weight —2W.

For § of weight &, m = 0, g = 0 equation (2.15) is invariant under the 15
parameter conformal group of Minkowski space. But if we want f as m is to be
a constant in all coordinate systems we must take S to be of weight 0. In this
case we are breaking conformal invariance in a very subtle way by changing
the type of geometrical object in our field equation.

At various times the idea of a conformally invariant mass term has been
raised (Barut & Haugen, 1972), That is allowing the mass to transform under
the conformal group in such a way as to make equations with mass type terms
invariant under the group. The requirement that all texms in a field equation
transform in the same way limits and in some cases makes this idea impossible.
In the case of equation (2.15) if the mass is a constant in a rectilinear coordi-
nate system it must stay the same constant under all groups of transformations
and in particular cannot pick up powers of ¢ under conformal transformations.
That is, under our definitions the massive Klein-Gordon equation can never be
made conformally invariant.

The scale dimension of a classical field is defined (Carruthers, 1971) as / if
for the coordinate transformation

T =plT%: (2.16)
' = pyt (2.17)

For a tensor density of weight W

I
=y "
T'a"' =JWTm... -~ - 2.18
b... !’l}.. aym ayb ( )
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Using equation (2.17)

- ay
J = p 4’ aym = pama (219)

so that .
T (2.20)

Thus S has a scale dimension —4W = —1 for equation (2.8) to be conformally
invariant.

It is a necessary condition for equations to have a geometric meaning, that
every term has the same scale dimension. This requirement seems to be com-
monly violated (Carruthers, 1971). Carruthers also does not seem to consider
the transformation of g,; in computing scale dimension which is inconsistent
with our definition, so there is perhaps some confusion over what is the
definition of scale dimension.

If we examine Maxwell’s source free equations

g2 VaFpa =0 (2.21)
ViaFpa) =0 (2.22)

we also find that if 34 is a solution to Maxwell’s equations then ng ba 18 2
solution, if F4 is a tensor field, that has weight 0.

3. Six-Space Formalism

The study of the conformal group of Minkowski space and conformal
invariance is illuminated by utilising the well known relationship between this
group and the rotation group SO(4, 2) in the six-dimensional flat space R¢
with a metric g, 5 of signature — 2. That is there exists a coordinate system in
which g4 p = diag(+1, -1, -1, —1, —1, +1). (Grgin, 1968; see also for further
references and discussion Mack & Salam, 1969; and Barut & Haugen, 1972).
We will follow Grgin in exhibiting the relationship between the groups, but
then obtain the relationship between geometrical structures and field equations
in R and an arbitrary C,, rather than just Rg and M,4. We will through this
approach obtain a clearer insight into the geometrical nature of this relationship.

The relationship between R¢ and C} is most easily exhibited by using a
partially null coordinate system in which the metric has the form

Tap 0 ﬁab 0

=l 10 2} B = 0 0 3% (3.1)
2 0 10

Upper case Latin index letters run from O to 5, and lower case letters from O to
3. Nap is the Minkowski metric, 1., = diag(+1, -1, ~1, —1). We label the R4
coordinates by x4 = (x2, x4, x5), and we will let x% =  and x5 = .
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The tangent vectors to the coordinate lines x4 are given by

ax ax ax
A - AR . | ty=——-= 6 4 3.2
fr=gp 0 AT T dn =Tyt (D)
e m = WADe(%) (3‘3)
napeleyely = ger) (3.4)
50 that
eA(ﬂ)e(Q) 0= eA(‘y\’e(\I/) (3.5)
eqqwelay =2
We also define
e X
=X 3.6
y=s (3.6)
and
P=nypxixf= TapX?x” + 4QW 3.7

The surface ® = 0 is a null cone with vertex at x4 = 0, and will be labeled Ns.
A general element of SO (4, 2) is given by
x’A = EABxB
P D (3.8)
E“p =exp(n” “epp)

where €pp 18 an arbitrary constant skew-symmetric matrix. The transformation
= E4pxB induces a non-linear transformation on the y#’s given by
EREA s (3.9)
VT T B '
When we restrict the x“’s to the surface ® = 0, which is mapped into itself by
a rotation, the induced transformation of the y#’s is identical to the action of
the €4 conformal group in a rectilinear coordinate system.
The infinitesimal generators egp can be expanded in terms of the basis set
e(F), and this is the decomposition that leads to a direct identification with
the various subgroups of the conformal group on Cy. For

= pbd
egp = M “epype@ayp (3.10)
where M?? is an arbitrary anti-symmetric tensor
4 _ A L A
X7 =x7 +n BMbde(b)Be(d)DxD

q a d
X x% + M gx B 0
=y m =y + Y 3.11
Y o y ay (3.11)
where we raise and lower lower case Latin indices with the Minkowski metric.
Equation (3.11) is in the form of an infinitesimal homogeneous Lorentz
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transformation, so that egp in equation (3.10) corresponds to the Lorentz
subgroup of the conformal group.

Choosing:

€pg = ey DeB) () 3.12)
implies y"* = % + 1%,

€pp = Bew)pea)(w) (3.13)
implies

; 1
Y ave”

and

€ps = 4u’enypesi (3.14)
implies

Y=yt +ul e yoy78," — 2y npry]
It is interesting to note that it is only in the case of the uniform accelerations
equation (3.14) that we need to make use of the restriction ® = 0.

We will now proceed to relate geometrical objects on R¢ to corresponding
objects on Cy4. To make this relation we will use the fact that we have a rela-
tion in the y*’s between our R4 coordinate system and a rectilinear C4 coordi-
nate system. To make this relationship we formally introduce a new coordinate
system on Rg

4 =04 9% (3.15)
where we need to introduce some criteria to specify

yr=w= (x4 (3.16)

S =h(x?) (3.17)

From the group representation mappings, we have that the relationship
between the spaces should be the product of projecting into N5 and then the
projection into the quotient space whose points are the curves y% = const,
(For a general discussion of hypersurface projection see Eisenhart, 1927.
Particular cases of projections into quotient spaces are found in Bergmann,
1942 and Geroch, 1971 and 1972.) It is standard in projecting into hyper-
surfaces to take one of our new coordinates to be given by the equation of
the hypersurface. Thus we take

v =h(x* =3 (3.18)

Of course any function f(®) that vanished if and only if ® vanished would do
as well, but doing this would make no significant change in our relationships.
The (¥, y*) are now a set of coordinates for points in Ns. The projection into
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a quotient space is basically an operation in classical projective geometry. It is
standard in this field to take f(xA) to be a homogeneous function of non-
zero degree. We will take f(x4) to be a function only of (x%, §2) and to be
homogeneous of degree 1. Some other degree of homogeneity would again
not make a significant difference. f(x) is taken independent of ¥ as W is the
coordinate we eliminate by the ® = 0 condition, x? and Q being needed to
construct the quotient space.

We can now proceed to invert the equation set (3.6), (3.16) and (3.18). We
first note

yiEw=fx" Q)= Qf(fé 1) =Qf(»)
or
Q= -‘}f— (3.19)
implies
P }":"- % (3.20)
T = {—S - E'-d%ggﬁ (3.21)
1t is also useful at this time to define
A= Z’;A (3.22)
z% (3.23)
4 59;5. (3.24)
K, = :;’ - (3.25)
fa zé@fj— (3.26)
D, Eé’% (3.27)
Jo = ciet [gﬁ—;} = %3;% (3.28)

We note that KaA, vA, TA, are contravariant vectors and K 4%, f4, ®4 covariant
vectors under change in the R coordinates, while K,# is a covariant and K ,¢



54 R. ¥, SIGAL

a contravariant vector under change in the €4 coordinate system. &A™
forms a set of basis vectors on R, whose dual basis set is (K 4%, f4, ©,). That is

K KA =6,% vif =1,  @uri=1 (3.29)
and all other products are zero. Also
4%, =40, iry =0, vy, =—d/f? (3.30)

A geometrical object defined on €4 will just be a function of the y*’s. That
is it must correspond to an object in R4 which on V5 is a homogeneous
function of (x%, ). We will further assume that the objects are homogeneous
in x“ everywhere. In the neighborhood of N5 we can expand any homogeneous
scalar field which can correspond to a scalar field on Cy in a power series in ®
given by

S=So(x?, Q)+ DS (x4 D+ +BS,(x*, Q) +. .. (3.31)
where if S is homogeneous of degree &, S, is homogeneous of degree & — 2n

. 1
Sole, 2) = Q780(3*, 1) = "5, (7) = [—f—,,

For n # 0 we have two natural choices for a scalar field on C4S4(»?) given by
So and So/f™ = 8. In the special case of My, f = 1 and S and §. We will see
that if we wish to treat the metric in the same way as all other tensors we
should choose Sg, but we should keep in mind that in some cases it will be
necessary or may be desirable to use f”S° where m has some other value.
This ambiguity is not removable as the geometrical character of an object does
not necessarily completely determine how it should transform when the
metric of the space is conformally transformed.

The inverse mapping of a scalar field on Cy, S(4)(¥?), is some element S of
the equivalence class of scalar fields on R4 that have

Q'S4 (%) ! t(‘%) = So(x*, )

where » and [ are arbitrary. n is chosen so as to determine the degree of
homogeneity of S,
For any tensor density T4’ of weight W on R¢ we can define

50()/“)] (3:32)

T =Jo " Ka'KyP o Tg (3.33)
which is a set of scalars of weight 0 on Rg4. In our x# coordinate system
pa b (3.34)
40
P4 =2x4 (3.35)
IS e’ (3.36)

2f f
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Kt =5 (547 — @%7) (3.37)

KA=Q062 - fot —1t4d,) (3.38)
94

=20 3.39

Jo=7 7 (3:39)

so that if T4 " has k contravariant indices and / covariant indices and is homo-
geneous of degree n, T#:* is homogeneous of degree (n + 3W+/ — k) = Each
homogeneous 7% :: as it is a scalar can be mapped into a function T(ayp.. =
f7 T8y where m can be of any value. Under change in the Cy coordinate
system T'(4yp. ;. transforms as a tensor density of weight W.

Given a tensor density of weight W on Cy, the inverse mapping is given by

_ x¢
T8 =T KA Kg . . (ﬂ”f T (5‘) TG+ ) +TB
(3.40)
where T4, is an arbitrary function of (x%, ) and 7,4 is a tensor density

of weight W, such that the contraction of at least one index with a projection
operator K 4 or K, % gives zero. That is

0=K,*T\ % or 0=K5T4%" or... (3.41)
As
(V' Ty + T f 4. )= T (3.42)
we have from equation (3.33) that
Th =Kg*Kg" . TE: +T%: (3.43)
Kt =K AKg® = 65" — fov?* —og (3.44)

K
If we define a homogeneous function T4::: by

K

T4 =K' Kp' . TE: (3.45)

K
then T%:* represents a Cy tensorin R . K £ is a projection operator so that
K Kg" = Kt (3.46)

and thus acts as 552 on %‘}3; ** type tensors.

The projection operator from R to C4 can be written as the product of
a projection operator into N5 and a projection operator into the quotient
space of curves y® = const. If we define the hypersurface projection operators

hot =8,4 — 4, (3.47)
ha®=8," (3.48)
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and the quotient space projection operators

a 1 a a 60!4
T =g 8o —x Q (3.49)
1 0
J,A=0 {5} — —f—x"‘ a—;;} (3.50)
where « runs from 0 to 4, then
KA = 1,%4 (3.51)
KAa =JaahAa (352)

We obtain the interpretation of f(x?, 2) in our formalism by projecting the
metric nyp of Rg into Cy

2
[#5]
2 =K KpPnap = 0 = 72 Tab (3.53)
so that
. 1
Bap = iz Nab (3.54)

gives an arbitrary C, metric with conformal factor f 2. One can choose to give
various ‘physical’ interpretations to the w that appears in g, . See for example
Barut and Haugen (1972) or Kastrup (1966). From (3.54) we see that taking

w=fE, =8 (3.55)

in our projection operators restricts them to projecting into flat space. With
this restriction to flat space it is easily seen that our prescription for relating
six-dimensional structures to four-dimensional structures reduces to essentiallly
the same form as is found in the previously cited works.

We define £4 to be an arbitrary generator of SO(4, 2) so that

g4 =nBeppx® (3.56)
Then
g =gt + dEATS (3.57)
5.E
£o" =n*Pegge [mEx*’ +8,50 — 5 (sxx°) (3.58)
It is then easy to check that
£ =K 40" (3.59)

is a homogeneous function of degree zero in x* and is an arbitrary generator of
the conformal group, as it must be if the projection from R4 to C4 is consistent.

We have implicitly used three types of coordinate transformations in relating
R to C4. We will now look at these in more detail. The first type of coordi-
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nate transformation is a change in the R4 coordinate system but no change in
the C4 system or in the relationship between R4 and Cy4. That is

x4 =F4x), x4 =FAED (3.60)
Then if
., F°
ye =§—4‘=y“

Fr=yt=rx)=re (3.61)
7* =yt =0'(x) = o)

all our projection operators transform as vectors and T'(4y5. ;. transforms as a
scalar.

The second type of transformation is a coordinate transformation on Ca,
but no change in R4 or the relationship between them. That is

~a a ars, x*
7 =90, =g =g

3 (3.62)
yr=yt=fx), 3 =y°=0

Then T(ayp;:; transforms as the appropriate type of tensor density. That is the
method we have for relating R4 with C, is independent of what coordinate
systems we work in, even though we have evaluated the relations in a simple
set of coordinates.

The third type of coordinate transformation is an induced coordinate
transformation. That is

x’A = g;A (X)
e F°
¥ = Za

‘\»

’ (3.63)
¥ =feh=9f (g— : 1) =Q'7(3)
¥ =

If FYF*|p=p is just a function of the y#’s this generates a coordinate trans-
formation on Cj. That is given a tensor density T(4)?,:: con Gy

v g ay
ay°

"
ay!

Tayb:= T@ayf: (3.64)

We can now also consider the quotient space in N5 defined by the curves
¢ = constant, and the projection of tensors into it. We thus define

ax'® W a3 ax’BT
T ax™ 7P

'a

=7

HI

(3.65)

e
ol
— QO
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T4+ is a function of just the $*’s and can be taken as a tensor density of
welbht W under change in y“ coordmates We can thus examine when starting
with the tensor density T4::: (x¥) under what conditions

T(4)b =T7"%" (3.66)
We have using the relationshlp between x’ and x

Ei W aj‘}a axB

~ y A
f'”, P ircT R 3.67
y ayF axA ayb B... ®=0 ( )
&=1
and
aye " o oxt = |axR[Y oy E
T . m Db AR e
(4)b .a axA aye ayT axE TF... . (3'68)
=1
where

5 =10
Thus we get immediately from the Jacobians and the dependence on f and f~
that

F* = fx) = fe ) = y* (3.69)
for (3.66) to hold. We also need
"’ A 3y* AE
T4 == KgT (3.70)
ax4 axA"E ®=0
and
x4 ox4
— Ty =—K,ET, 3.71
aya A Bya A E o=0 ( )

Thus it is sufficient that 9x*/0)* and 85%/dx* are members of the set of

K
T’ type tensors or that T4+ is a member of the set of T : type tensors

when evaluated on V. 5.
It can be verified that when & “(x) is an arbitrary element of SO (4, 2)

~ X
0x489%|p=0 is not a T"*- type tensor, due to the elements of the group that
are identified with the uniform accelerations. It is also true that for the rota-
tions considered as an active group mapping the space of tensor densities onto

K
itself the set of T::: type tensors is not mapped into itself, so we must look
closer at the induced transformations of the rotation group.
In infinitesimal form an element of SO(4, 2) is given by

x =xA +BegpxT = x4 +54

! s
x4 = x4 — gABeprx'T

(3.72)
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Putting equation set (3.72) into (3.70) and (3.71) results in the sufficient
condition for the satisfaction of equation (3.66) is that

Tg: @, =Th P =.. =0 (3.73)

The set of tensors that satisfy (3.73) goes into itself under the mapping of the
rotation group. The metric 14 g does not satisfy any of the previous conditions
but it can be checked that for SO(4, 2) it satisfies (3.66), when (3.69) holds.

As has been stated before some sort of homogeneity condition in x# is
needed for objects on R4 associated with Cy4 objects. Homogeneity conditions
are related to intrinsically coordinate mdependent conditions involving Lie
derivatives. If we have a tensor density 7% - on R which is homogeneous of
degree n in x*, then

Ta: xS =nTh:: (3.74)

In the x4 coordinate system ®# = 2x so that

Y@ Thor=(Th o gxR — kT +1Th +'6WTd ) (3.75)
q)E
and
P Th =42n—k+1+6W)T4:: (3.76)
(I)E

is equivalent to homogeneity in x4 of degree .
If T(a)p::: is a tensor density on Cy, then T4)5::: considered as a set of
scalar fields on R is just a function of the y*’s and satisfies

[/ 2
T o Ta@pii=0 (3.77)

The set of all tensor densities TB * on Rg such that

Th: =TV K4 KPTE (3.78)
and
w(l
Toti: = a Ty (3.79)

where 7 can take any value but m is fixed, correspond to Tyayp. ;. It is easily
checked that the Lie derlvauves with respect to v of Jy, a scalar density of
weight —1, and of K 4% and KB, covariant and contravariant vectors respect-
1ve1y vanish, so that equation (3.77) implies a condition on the Lie derivatives
of T4:*’s that are mapped into Cy. In the x* coordinate system

LTE: om0 =TH rX™ ~ kT4 +IT4  + 3WTH:
F

= L Th: ~3WTE: (3.80)
oF
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The condition implied by equation (3.77) is
;?ETB Jo=o=aTh  + % (3.81)
1

where « is a constant. Thus the homogeneity condition (3.74) is stronger than
necessary, but it seems to be the most convenient condition to impose. It also
seems that the Lie derivative with respect to v4 is the more relevant one to
look at. From equation (3.80) it is clear that equation (3.74) also implies that
on Nj Lie derivatives with respect to »4 take on a simple form.

To finish the relationship between R ¢ geometry and C4 geometry we need
to find the relationship between the R4 covariant derivative and the Cy
covariant derivative constructed using the C, metric £,5 = (1/F2)n,p. We will
find this relationship for the case of tensor densities related by

Twh=  ["Ti=  FULYES KT (38D
=0 ®=0
w=1 w=1

where the TB ’s are restricted to the set of TA - type tensors.
We first calculate in the related x4, e coordmate systems

FrI Y Th KK KR L = TR, (3.83)

We can use partial derivatives in (3.83) as in the x system the partial deriva-
tive and the covariant derivative are the same. Using our definitions of the

projection operators, T 5. type tensors, and that noticing they imply

w KA =0 4K =0 (3.84)
Kp°KE pKpB = —Kp pKs"KpP (3.85)
we get N L oF
a.. - (@b W VT gy & o an..
Ty <1>=o_—_8y’ 0,770 T(ayp.. f 2" (45,
w=1

Tyl KiK4 7K, .+ T K8 7KK .
(3.86)

From equations (3.34)-(3.39) we get
_ 4 9f
JOIJO,A KaA = —f— aya (387)
and
84° 9
K KG ok =% LIS —fg (3.88)

f o' 7oy
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From our metric the Christoffel symbol of the second kind is given by

501 af Sba Bf +Mbd aSif.,

Tig = = 3.89
S L (389
4 of
o= 7 -é;a" (3.90)
and T(4y5, " 1, the covariant derivative of T4y’ ", is given by
T(4)b‘.'..,-t =T(@b. ;1 WthT(4)b +Tg tT(4)b
Thus
T5. o =0
w=t

fails to be the covariant derivative of T4y5::: due to the presence of the term

m af
f a a (4)b

and due to the fact that —K,;* K¢ 4 7K, T contains only the first two terms of
I'gs. This is unlike what occurs in many other previously studied cases of pro-
jections. Geroch has studied the projection into quotient spaces with respect
to Killing vector fields (Geroch, 1971 and 1972) and Bergmann has studied
the same question with respect to unit time like vector fields (Bergmann, 1942)
and in both cases their equations analogous to (3.83) give the covariant deriva-
tive in the quotient space. Israel has studied the projection into three-
dimensional space like hypersurfaces and again the equation analogous to
(3.83) gives the covariant derivative generated by the projection of the metric
(Israel, 1966).

If we fix m = W in (3.82) and define a new affinity on R given in the x*
coordinate system by

Agp =nppn* T K (log Q) ¢ (3.92)
and define TB ‘17 as the covariant derivative calculated using A% then
Tays = Jo"FYKsK® . K TTH (3.93)
@ =0
w=1

It does not seem clear why this value of m is required and why R has to
carry a non-metric generated affinity to get the C, covariant derivative in
terms of a R4 derivative.

For the case of projecting into My, AZ , is easily calculated to be zero. It
also follows directly that if we define G 4 g, the K type tensor that represents
the C4 metric,

Gap =K "K' npr (3.94)



62 R, F. SIGAL
then
KiFK K G = 0 (3.95)

as would be expected.

4. Four-Space Field Equations Imbedded in Six-Space

With the formalism that has been developed in the preceding section it is
straightforward to imbed a four-space equation in six-space. It will be sufficient
for our purposes to just consider the mapping to be from My to R, In this case

wEfX, QD=0 4.1)
1 of
e e = 4.2
o axA A 4.2)
KA =06, -9, (4.3)
1
KAE :5"(5Aa —(I’aTA) (44)
Some other useful formulas for this section are:
TA,B =~—2TATB (45)
K4 p=—4r4 KB (4.6)
Kip=—215K* — 2r4nprK,” (4.7)

All equations in this section will use these specializations to flat space.
We first look at the imbedding of the zerc mass Klein-Gordon equation,
which was first studied by Dirac (Dirac, 1936). Starting with the M, equation

] 0]
ab
w8 =0 4.8
S(a) being a scalar density of weight W we take S as our R¢ representation of
S(ay, where

S‘—"SQ“{‘@Sl'i‘...
SO = me(4) (4.9)
That is
xa
So(xA) =J6WQmS(4) “S‘i')
=4V QWM W (x) (4.10)
and § is homogeneous of degree v = —3W + m. Since
7% = Q%K 4K g’ n?? (4.11)
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0 _pad
o ¢ axt

QKA =0 4K =0 (4.13)

(4.12)

equation (4.8) reads on N
L2V Ky KPR KB (So + S, + .. )l g1, =0 (4.14)
Expanding equation (4.14) gives
78S 45— 4w+ 1)745 4 =0 (4.15)

on Ns.

We notice that for any S,,, homogeneous of degree v — 2n and just a
function of (x,, §2), ®"§,, satisfies equation (4.15) on N5. Forv = —1
{equation 4.8) is thus equivalent to the equation set

TIABS’AB =T
S 404 =-25

where T is arbitrary. This set of equations is clearly invariant under SG(4, 2). It
will be necessary to carefully discuss later how this is related to the invariance
under the C4 conformal group of equation (4.8) for W = %, It is important to
note that as we are interested in using the six-dimensional formalism to study
conformal invariance it would not have been useful to imbed by taking all
terms but S equal zero in equation (4.9) as this would have added a further

constraint condition to the set (4.16), namely

(4.16)

Sat=0 (4.17)

and this condition is not satisfied by #;.4 S even modulo equation set (4.16).
In general when imbedding M, equations in R4 only constraint equations that
do not break invariance under SO (4, 2) should be chosen.

The mass Kline-Gordon equation, with v = —1, takes the form on N5

Q"KW KN KK P[Q7(So + @Sy + . )] s} 4
+m2Q (S +BS;+...)=0 (4.18)
which again expanding out gives
2
S 45 + 7S =T

(4.19)
S 4% =-28

so that invariance under SO (4, 2) is broken by the £ ™2 multiplying the m?
term in equation (4.19). Equation set (4.19) is of course invariant under the
subgroup of SO(4, 2) that is mapped into the Poincaré group.
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As another example we imbed the dilation invariant, but non-conformaily
invariant M, equation

a jas AN AY
ab Y 19204 + ab - 0 VE 0 4.20
aya (ayb ) aya ayb ( . )

in R4. We notice that for this equation to be well defined S(4y must be a scalar
density of weight 0, and S must be taken to be homogeneous of degree 0.
Equation (4.20) then goes to

*B(S ap +S, 485, )t 47%(SS 4 — S4) =T
S 491=0

Equation set (4.21) is non-invariant under SO (4, 2) due to the non-removable
presence of a term containing 7g. In general as

T:AB =-2r1g, Q 4 =12Q71, (4.22)

4.21)

M, equations imbedded in R4 will be non-invariant under SO(4, 2) due to the
presence only of non-removable factors of &, or 74. The factors of £ arise

from mass type terms, and the 7# factors come from derivative couplings. It is
clear they are of a fundamentally different nature. The presence of 74 in the
R equation is related to the non-variance of the M, equation under the moving
of infinity in M, while the presence of £2 is related to non -invariance under
scaling. It should be noted that the Lie derivative of 7# with respect to the g4
that represents the dilations equation (3.14) is zero, so that imbedded equations
that have only 7# in them will be dilation invariant. We thus have that any

type of broken conformal invariance will correspond to the presence of only
two distinct types of terms in the R4 equations.

As an illustration of the imbedding of tensor fields we will imbed Maxwell’s
equations (equations 2.21 and 2.22 in R. This again was first done by Dirac
(1936). We represent F'(4),, by a homogeneous, of degree f, anti-symmetric
six-space tensor F 4 5. F 4 5 can be written as

Fap=FapK K’ + EsK{ gy + H,K$ ) + I7[ 4P (4.23)

where
FagK, KB =Foup + ®Fpap +. .. (4.24)
Fayas =L Fap|g=g (4.25)
p=f+2 (4.26)

and E,, H, and ] are not determined by F(4)gp. It is clear that we can impose
everywhere the SO(4, 2) invariant condition

Fap®®=0 .27
which implies defining

By = H,K,*=F g8 (4.28)
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that
FAB=FabKAaKBb—4‘DB[ATB] +B[A®B] (429)

In the same way as for the Klein-Gordon equation, we get the R¢ equation
set (4.30) equivalent to (2.21) to be

nPPF g p = —2[f + 21F4p7% — Fyp pn®P 01"

= (I)TA
c (4.30)
Fup c®" =2fF,p
FAB(DB = ()
For f =—2, we have the first equation of the set as
1 Fap 87" — 14 ®r] = 0T, (4.31)

We of course desire the stronger condition
1°PF 45, 0= PT4 (4.32)

as our representation of the M, Maxwell equation. For equation (4.32) to
hold it is necessary that not only F4),; satisfy equation (2.21), but also that

B* 4, =@D (4.33)

Since ¥, g F 4 p satisfies equation (4.27) it can be again expanded in the form
of equation (4.29), and then since it also satisfies equation (4.32) it will have
its corresponding element B); satisfying

B4 4 =®D (4.34)

so that condition (4.33) does not break SO(4, 2) invariance. Thus we have that
equation (2.21) on M, is equivalent to the SO(4, 2) invariant set of equations

P F 5 ¢ =T}
Fup c®C =—4F,p (4.35)
Fup®8=0

With the constraint conditions of equation set (4.35) along with the further
imbedding condition

BD,A s BA,D - 4BATD + 4BDTA + Flab K{GA Kg] = @WAB (436)
Equation (2.22) on M, is equivalent to
Flag, ¢y = PTanc (4.37)

Condition (4.36) is again allowable due to equation (4.37).
It is interesting to note that the homogeneity condition which puts Maxwell’s
M, equations in their SO(4, 2) invariant form on R is the one that puts on NV

Ly Fyp=0 (4.38)
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This is unlike the case of the zero-mass Klein-Gordon equation with W= +}.
In many cases of imbedding in projective spaces one assumes a relationship
such as equation (4.38), as the basic condition of imbedding.

As we have said before it is necessary to carefully examine the relation
between six-dimensional equations that are invariant under SO(4, 2), and the
invariance of the corresponding four-dimensional ones under the conformal
group. Invariance is taken again in the sense of equation (2.7). That care is
needed for this examination is shown by the fact that a M, scalar field of any
weight, satisfying equation (4.8) can be mapped into equation set (4.16), but
only for W =% is the M, equation conformally invariant. Also with the non-
invariant SO(4, 2) constraint equation (4.17), equation (4.20) clearly can be
represented as a conformally invariant equation,

To study this question we first need for tensor densities on M4 and Rg4
respectively the relationship between the four-dimensional Lie derivative with
respect to %, and the six-dimensional Lie derivative with respect to 4. For a
tensor density of weight W on M,

0T (ays:
Lo Ta@h =37~ E - Ty &% — . . .+ T@y% £
Yy
gt
b Wl = 4.39
@b 57 (4.39)

A tensor density T4 of weight W and homogeneous of degree  on R4 can
be expanded in a basis set consisting of K,;4, 74, u4 and its dual basis, K 45
®,, 74, where

ut = 2004 (4.40)

Then

Tho =T KAKG? . +Thr4KE .. 4.+ T% rpK A
A TEKSut L+ v TS KA. ... (4.41)
T = KAKS .. (4.42)
and

4V FIDT L = T (4.43)
Tg: 0, =Th ®%=...=0 (4.44)

if and only if in expansion (4.41) all coefficients multiplying terms with 74 in
them are zero.

L Th =Th g — TR e A +THER+. .. (449
’;’E
As
g4 =0 (4.46)
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it does not appear in equation (4.45). To relate equations (4.39) and (4.45) we
also note that

Pd=0 (4.47)
EA
A _ A
S%p = —4@?; T (4.48)
£ 14 = -2rtrpk” +glpr? (4.49)
£
It is direct to calculate that
EBT°K4%o=0#0 (4.50)

We then can use equations (3.57) and (3.59) which relate £? and £ and
give
ot
i —8rptB 4.51)

to imbed equation (4.39) in R. The result is
KA. _ 4w (t—k+1) a Ay b
{R Tp.. . =47Q {(%Tb:::)Ka Kp” ...
£

+2(4W+ 1 — k+ DrgEBTE KA AKg® .. +SE:1 (452)
SEKa°KpP . Je=0=0 (4.53)
We thus have that for

(t+1-k)
4

W= (4.54)

and equation (4.44) holding
o) o - .. _
(LTh:HKAK® avQu-keTE . (4.55)
eR ®=0 £

If T4 - satisfies a SO (4, 2) invariant set of equations, that is it contains no
absolute objects whose Lie derivative with respect to £ is non zero,

T =T+ LTh:
£R

is also a solution to the equations. T'4:* can be expanded in the same way as
T4:: to give

T'h =18 KA K .+ (4.56)

K

If this set of equations is equivalent to a My set of equations then 74" lp=¢
will be a solution to the equations. If equation {4.55) holds also then
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Fe T + Tp..: will be a solution to the corresponding M, equations.

We thus have the theorem. If the M field equations satisfied by T(ayp:::, a
tensor density of weight W, can be imbedded as a SO(4, 2) invariant set of
field equations in Ry, satisfied by T4+, which is homogeneous of degree ¢,
and in which equation (4.43) is one of the constraint equations, then the M,
field equations are invariant under the conformal group for a tensor density of
weight W= —(¢r +1 - k)/4.

Equation (4.54) clearly gives the relationship between the weight that
makes the M, equation conformally invariant and the degree of homogeneity
that makes the imbedded equation SO (4, 2) invariant. From (3.80) it follows
that the condition to make the imbedded equation SO (4, 2) invariant and the
condition which makes the Lie derivative with respect to ¥4 vanish on N
agree for any 0 weight tensor and for no other kind.
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